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ON THE ONSAGER CONJECTURE IN TWO DIMENSIONS
A. CHESKIDOV, M. C. LOPES FILHO, H. J. NUSSENZVEIG LOPES, AND R. SHVYDKOY
Abstract. This note addresses the question of energy conservation for the 2D Euler system
with an Lp-control on vorticity. We provide a direct argument, based on a mollification in
physical space, to show that the energy of a weak solution is conserved if ω = ∇× u ∈ L
3
2 .
An example of a 2D field in the class ω ∈ L
3
2
−ǫ for any ǫ > 0, and u ∈ B
1/3
3,∞ (Onsager critical
space) is constructed with non-vanishing energy flux. This demonstrates sharpness of the
kinematic argument. Finally we prove that any solution to the Euler equation produced via
a vanishing viscosity limit from Navier-Stokes, with ω ∈ Lp, for p > 1, conserves energy.
This is an Onsager-supercritical condition under which the energy is still conserved, pointing
to a new mechanism of energy balance restoration.
1. Introduction
We consider the initial-value problem for the two-dimensional incompressible Euler equa-
tions on the torus T2 ≡ [0, 2π]2, with initial data u0 ∈ L
2(T2), which we write:
(1)


∂tu+ (u · ∇)u = −∇p
div u = 0
u(t = 0) = u0.
We are interested in weak solutions for which the vorticity, ω ≡ curl u, is p-th power
integrable, for some p > 1. More precisely, we have:
Definition 1. Fix T > 0 and u0 ∈ L
2(T2) with initial vorticity in Lp(T2), for some p > 1.
Let u ∈ Cweak(0, T ;L
2(T2)) with ω ∈ L∞(0, T ;Lp(T2)). We say u is a weak solution of the
incompressible Euler equations with initial velocity u0 if
(1) for every test vector field Φ ∈ C∞([0, T )×T2) such that div Φ(t, ·) = 0 the following
identity holds true:∫ T
0
∫
T2
∂tΦ · u+ u ·DΦu dxdt+
∫
T2
Φ(0, ·) · u0 dx = 0.
(2) For almost every t ∈ (0, T ), div u(t, ·) = 0, in the sense of distributions.
Existence of such weak solutions is known, see [8], but uniqueness is open, except for the
case p =∞.
There is little qualitative information known about weak solutions. In particular, the
kinetic energy
E(t) =
1
2
∫
T2
|u|2 dx,
is not known to be conserved for such solutions. Energy conservation has been the subject of
many recent publications, [16, 15, 9, 5, 7, 3, 2, 11, 10], in part due to its intimate connection
to questions of turbulence. The minimal regularity required for u to be conservative is
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claimed to be 1/3 in a properly understood measurement for smoothness. This is known as
the Onsager conjecture of 1949, [14].
Definition 2. We call u ∈ L∞(0, T ;L2(T2)) a conservative weak solution if u is a weak
solution of the incompressible Euler equations for which E(t) = E(0) for every t ∈ [0, T ].
It was proved in [3] that, indeed, if
(2)
∫ T
0
∫
Tn
|u(x− y, t)− u(x, t)|3
|y|
dxdt→ 0, as |y| → 0,
then u is conservative on the interval [0, T ]; this condition is independent of the dimen-
sion n > 1. Condition (2) represents a little better smoothness then 1/3 in the aver-
aged Besov space, although no rate of vanishing in (2) is required. In particular if u ∈
L3((0, T );B
1/3
3,c0
(Tn)), where c0 signifies vanishing of the Littlewood-Paley projections of u,
see [3], then (2) is guaranteed to hold. In the case n = 2, on the vorticity side the above
condition holds if ω ∈ L∞(0, T ;Lp(T2)) for p ≥ 3
2
. Thus, L
3
2 represents the Onsager-critical
condition in dimension n = 2. In the first part of this paper we will present a different and
more direct argument based on a mollification of the Euler system in physical space and a
control estimate on the Reynolds stress tensor.
Theorem 1. Fix T > 0 and let u ∈ Cweak(0, T ;L
2(T2)) be a weak solution with ω ≡ curl u ∈
L∞(0, T ;L3/2(T2)). Then u is conservative. Moreover, the following local energy balance law
holds in the sense of distributions:
(3) ∂t
(
|u|2
2
)
+ div
[
u
(
|u|2
2
+ p
)]
= 0.
In particular, (3) implies a local energy balance law as well. From the alternative Fourier
viewpoint, proving the energy law requires to show that the energy flux through dyadic
scales, given by
∫
T2
Sq[u] · Sq[(u · ∇)u] dx , where Sq[u] is the Littlewood-Paley truncation of
u, vanishes as q →∞. We present a similar direct argument to demonstrate this under L
3
2
control on vorticity. A kinematic example of a field u ∈ C1/3 for which this flux does not
vanish was first presented in Eyink [10]. The construction is essentially three dimensional
and self-similar with symmetric distribution of the Fourier spectrum. In the second part
of the paper we will present an example of a 2D field u ∈ B
1/3
3,∞, ω ∈ L
3
2
−ǫ, for any ǫ > 0,
with an asymmetric spectrum, that has the same property. This, firstly, demonstrates that
our kinematic argument of Theorem 1 is sharp, and secondly, that the Onsager regularity
threshold does not relax even with an additional Lp-control on vorticity.
Although, from a purely kinematic point of view, condition (2) for u, together with an
L
3
2 -condition for ω, are sharp, to construct an actual non-conservative weak solution to the
Euler system in those critical spaces proved to be a very difficult problem. First attempts
were made by Scheffer and Shnirelman, [15, 16], with contraction of a compactly supported
in space and time solution in L2t,x, a rather rough space. A further improvement was only
possible with the influx of new ideas from topology brought by De Lellis and Szekelyhidi in
[7]. They improved regularity to L∞t,x, and shortly after, in another breakthrough, to Ho¨lder
continuous classes. The state of the art results belong to Isett [11], with a construction
leading to a non-conservative weak solution u ∈ C1/5−ǫ, and Buckmaster, De Lellis and
Szekelyhidi [2], in L1(R;C1/3−ǫ(T3)). The latter reaches the critical regularity in space but
lacks proper temporal bounds. In two dimensions, Choffrut, De Lellis and Szekelyhidi con-
structed continuous weak solutions of the two-dimensional Euler equations with arbitrarily
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prescribed, smooth and positive time-dependent energy, see [4]. In all these constructions,
however, there is no control on the integrability of vorticity.
Recently, a few results emerged that challenged the Onsager criticality by way of using
additional mechanisms for the energy law to hold. As Bardos and Titi argue in [1], one
such mechanism is the absence of nonlocal pressure, and hence pure transport nature of the
system. They observe that the famous DiPerna-Majda example of an evolving parallel shear
flow
u = 〈u1(x2), 0, u3(x1 − tu(x2)〉
conserves energy even if only u1, u3 ∈ L
2. Another mechanism isolated in [17] relies on
geometric assumptions on the singularity set for Onsager-critical solutions, such as vortex
sheets. The Euler system enforces a kinematic condition on the interface – particles remain
on the sheet at all times – thus there is no exchange of energy between the two sides of the
sheet. In the case of critical homogeneous solutions, as observed in [13], the mechanism for
energy conservation is the Hamiltonian structure of the system that induces extra symmetry
on the flow streamlines near the singularity at the origin. In the third part of this paper
we will reveal another, even more dramatic Onsager-supercritical condition under which the
energy is still conserved – vanishing viscosity limit under Lp-control on vorticity for any
p > 1.
Definition 3. Let u ∈ C(0, T ;L2(T2)). We say that u is a physically realizable weak solution
of the incompressible 2D Euler equations with initial velocity u0 ∈ L
2(T2) if the following
conditions hold.
(1) u is a weak solution of the Euler equations in the sense of Definition 1;
(2) there exists a family of solutions of the incompressible 2D Navier-Stokes equations
with viscosity ν > 0, {uν}, such that, as ν → 0,
(a) uν ⇀ u weakly∗ in L∞(0, T ;L2(T2));
(b) uν(0, ·) ≡ uν0 → u0 strongly in L
2(T2).
Theorem 2. Let u ∈ C(0, T ;L2(T2)) be a physically realizable weak solution of the incom-
pressible 2D Euler equations. Suppose that u0 ∈ L
2 is such that curl u0 ≡ ω0 ∈ L
p(T2), for
some p > 1. Then u conserves energy.
The proof of Theorem 2 essentially claims that the total energy dissipation rate ǫν =
ν
∫ T
0
‖∇uν‖2L2dt vanishes as ν → 0. This claim demonstrates a striking difference between
the 3D and 2D cases, where in the 3D case the non-vanishing limit ǫν → ǫ0 > 0 is the basic
postulate of the classical Kolmogorov theory of fully developed turbulence.
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2. Energy Conservation under Lp-control of vorticity
We begin by presenting the proof of Theorem 1.
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Proof. Let ε ∈ (0, 1/2) and choose a Friedrichs mollifier ξ ∈ C∞(R2), 0 ≤ ξ ≤ 1, even,∫
ξ(x) dx = 1. Set
ξε = ξε(x) =
1
ε2
ξ
(x
ε
)
,
and define ζε(x) = ξε(x), for x ∈ [−1/2, 1/2)× [−1/2, 1/2), extended periodically to a family
of mollifiers in C∞(T2).
We take the convolution of the Euler equations (1) with ζε and write u
ε = ζε∗u, p
ε = ζε∗p.
We find:
(4) ∂tu
ε + (uε · ∇)uε = −∇pε +Rε,
with
Rε ≡ (uε · ∇)uε − ζε ∗ [(u · ∇)u].
Indeed, this can be rigorously justified by using, as a test vector field, Φε = Φ∗ζε in Definition
1, with equation (4) understood in the sense of distributions. Moreover, since uε, pε and Rε
are smooth in space, it follows from (4) that ∂tu
ε is smooth in space, a.e. in time. Since uε
is smooth in space, from equation (4) we find that uε is Lipschitz continuous in time. Hence,
we may multiply the equation by uε to obtain:
(5) ∂t
(
|uε|2
2
)
+ div
[
uε
(
|uε|2
2
+ pε
)]
= uε · Rε.
We claim that, as ε→ 0, we have:
(A) ∂t
(
|uε|2
2
)
→ ∂t
(
|u|2
2
)
in the sense of distributions;
(B) div
[
uε
(
|uε|2
2
+ pε
)]
→ div
[
u
(
|u|2
2
+ p
)]
in the sense of distributions;
(C) uε · Rε → 0 strongly in L∞(0, T ;L1(T2)).
We first note that, as ω ∈ L∞(0, T ;L3/2), it follows that u ∈ L∞(0, T ;W 1,3/2). Hence, by
the Sobolev imbedding theorem, u ∈ L∞(0, T ;L6).
To establish item (A) it is enough to show that
|uε|2
2
→
|u|2
2
in L∞(0, T ;L1(T2)). We show more: the convergence holds true in the strong topology of
L∞(0, T ;L6/5(T2)). Indeed,∥∥∥∥ |uε|22 − |u|
2
2
∥∥∥∥
L∞(L6/5)
=
∥∥∥∥12(uε − u)(uε + u)
∥∥∥∥
L∞(L6/5)
≤
1
2
‖uε−u‖L∞(L6)‖u
ε+u‖L∞(L3/2) → 0,
because uε = ζε ∗ u, uε is uniformly continuous in (0, T ) and since convolutions are strongly
continuous in Lebesgue spaces. Here we use the generalized Ho¨lder inequality ‖f · g‖L6/5 ≤
‖f‖L6‖g‖L3/2.
We now prove item (B). It is enough to show that
uε
(
|uε|2
2
+ pε
)
→ u
(
|u|2
2
+ p
)
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in L∞(0, T ;L1(T2)). To show this we write:
(6)
uε
(
|uε|2
2
+ pε
)
− u
(
|u|2
2
+ p
)
=
(uε − u) |u
ε|2
2
+ u
(
|uε|2
2
− |u|
2
2
)
+ (uε − u)pε + u(pε − p).
Furthermore, by taking the divergence of the Euler equations (1) we find
−∆p = div div(u⊗ u),
and u⊗ u ∈ L∞(0, T ;L3(T2)). Therefore, taking advantage of the fact that the flow domain
is the torus, we deduce that p ∈ L∞(0, T ;L3(T2)). We estimate the terms in (6) as follows,
recalling that pε = ζε ∗ p,∥∥∥uε ( |uε|22 + pε)− u( |u|22 + p)∥∥∥
L∞(L1)
≤
‖uε − u‖L∞(L3)
∥∥∥ |uε|22 ∥∥∥
L∞(L3/2)
+ ‖u‖L∞(L6)
∥∥∥ |uε|22 − |u|22 ∥∥∥
L∞(L6/5)
+‖uε − u‖L∞(L3/2)‖p‖L∞(L3) + ‖u‖L∞(L3/2)‖p
ε − p‖L∞(L3) → 0,
as before.
Finally, we analyze item (C), the flux term. We will show that Rε → 0 strongly in
L∞(0, T ;L6/5(T2)). This is enough to prove item (C). Since uε is bounded in L∞(0, T ;L6(T2)).
We have:
‖Rε‖L∞(L6/5) = ‖(u
ε · ∇)uε − ζε ∗ [(u · ∇)u]‖L∞(L6/5)
≤ ‖(uε · ∇)(uε − u)‖L∞(L6/5) + ‖(u
ε − u) · ∇u‖L∞(L6/5) + ‖(u · ∇)u− ζε ∗ [(u · ∇)u]‖L∞(L6/5)
≤ ‖uε‖L∞(L6)‖∇u
ε −∇u‖L∞(L3/2) + ‖u
ε − u‖L∞(L6)‖∇u‖L∞(L3/2)
+‖(u · ∇)u− ζε ∗ [(u · ∇)u]‖L∞(L6/5) → 0,
because uε → u in L∞(L6(T2)), ∇uε = ζε ∗ ∇u → ∇u in L∞(L3/2(T2)) and u · ∇u ∈
L∞(L6/5(T2)). We are using repeatedly that convolutions are continuous, in the strong
topology, on Lebesgue spaces.
This concludes the proof.

The criticality of the exponent p = 3/2 in the proof above was required only for the weak
continuity of the Reynolds stress term uR in the energy balance. In fact, it can be verified
that weak continuity of the other terms would still work provided that p > 6/5.
A natural question at this point is whether there exist weak solutions of the two-dimensional
Euler equations with vorticity in Lp, p < 3/2, which are not conservative. Construction of
such examples, perhaps using convex integration as in [7, 4, 2], is an open problem. Our next
step is to present an example that shows that the exponent p = 3/2 in the proof of Theorem
1 is sharp. First we recall basic terminology and notation of Littlewood-Paley theory on the
torus T2.
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For f ∈ C∞(T2) and α ∈ Z2, we denote the Fourier coefficients for f by f̂(α). More
precisely,
f̂(α) =
∫
T2
e−2πiα·xf(x)dx, and f(x) =
∑
α∈Z2
f̂(α)e2πiα·x.
Set λq = 2
q. We fix a nonnegative radial function χ = χ(ξ) in C∞c (R
2), with support
contained in the unit ball B(0; 1), and such that χ(ξ) ≡ 1 if |ξ| ≤ 1/2. We define
ϕ(ξ) = χ(λ−11 ξ)− χ(ξ).
With this notation, the q-th Littlewood-Paley component of f is given by:
∆qf =
∑
α∈Z2
ϕ(λ−1q α)f̂(α)e
2πiα·x.
We introduce notation for the q-th Littlewood-Paley truncation :
Sq[f ] = f̂(0,0) +
∑
p≤q−1
∆pf =
∑
α∈Z2
χ(λ−1q α)f̂(α)e
2πiα·x.
By testing the Euler system with Sq[Sq[u]] we readily see that the proof of the global energy
conservation reduces to showing that the energy flux
(7) Πq[u] =
∫
T2
Sq[u] · Sq[(u · ∇)u] dx
vanishes on average in time as q → ∞. This holds, in fact, pointwise in time for any field
with L
3
2 control on ω.
Proposition 1. Let u be a divergence-free vector field in W 1,3/2(T2). Then Πq[u] → 0 as
q →∞.
Proof. Let Hq = Hq(x) =
∑
α∈Z2 χ(λ
−1
q α)e
2πiα·x. It can be easily verified that
Sq[f ] =
∫
T2
Hq(x− y)f(y) dy.
Hence, as u is divergence-free it follows that div(Sq[u]) = 0. Similarly, we have ∇Sq[u] =
Sq[∇u]. Clearly, Sq[u] is a smooth function. In light of these observations it holds that
(8)
∫
T2
Sq[u] · {(Sq[u] · ∇)Sq[u]} dx = 0.
Hence, ∫
T2
Sq[u] · Sq[(u · ∇)u] dx =
∫
T2
Sq[u] · {(Sq[u] · ∇)Sq[u]− Sq[(u · ∇)u]} dx.
As u ∈ W 1,3/2(T2) ⊂ L6(T2), in order to establish the proposition it is enough to show
that
‖(Sq[u] · ∇)Sq[u]− Sq[(u · ∇)u]‖L6/5(T2) → 0,
as q → ∞. This follows analogously to the proof of item (C) in the proof of Theorem 1.
Recall that Sq[u]→ u in L
p for any 1 < p <∞. We have:
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‖(Sq[u] · ∇)Sq[u]− Sq[(u · ∇)u]‖L6/5
≤ ‖(Sq[u] · ∇)(Sq[u]− u)‖L6/5 + ‖(Sq[u]− u) · ∇)u‖L6/5 + ‖(u · ∇)u− Sq[(u · ∇)u]‖L6/5
≤ ‖Sq[u]‖L6‖∇Sq[u]−∇u‖L3/2 + ‖Sq[u]− u‖L6‖∇u‖L3/2 + ‖(u · ∇)u− Sq[(u · ∇)u]‖L6/5
→ 0,
as q →∞.

Theorem 3. There exists a divergence free vector field u ∈ B
1/3
3,∞ ∩W
1,p(T2), for any 1 ≤
p < 3/2, such that lim supq→∞Πq[u] 6= 0.
Proof. Note that, if u is divergence-free, we can rewrite the formula for the flux as
Πq[u] =
∫
T2
Sq[u⊗ u] · ∇Sq[u] dx.
We will begin the construction of the desired vector field u by first producing a skeleton vector
field U which belongs to B
1/3
3,∞(T
2) and satisfies lim supq→∞Πq[U ] 6= 0. We will subsequently
modify it in order to place it in all Sobolev spaces W 1,p for p < 3
2
. A word about notation:
first and second components of points and of vector fields are indicated by brackets 〈·, ·〉,
and δ〈a,b〉 denotes the Kronecker delta supported at 〈a, b〉 ∈ Z
2.
We start the construction of the skeleton field by introducing uq the basic local interaction
triple with Fourier modes placed into the contiguous pair of q-th and (q − 1)-th shells:
uq = vq−1 + wq,
v̂q−1 = i〈λ
−1/3
q−1 , 0〉(δ〈0,λq−1〉 − δ〈0,−λq−1〉),
ŵq = 〈0, λ
−1/3
q 〉(δ〈λq ,0〉 + δ〈−λq ,0〉) + λ
−1/3
q 〈−1, 2〉(δ〈λq,λq−1〉 + δ〈−λq ,−λq−1〉).
The skeleton field will be defined as a superposition of these interaction triples, U =
∑
j uqj ,
where qj will be chosen as a well-separated unbounded sequence. Since we have λ
1/3
q ‖uq‖3 ∼
1, it follows that U ∈ B
1/3
3,∞.
We need to calculate Πq[uq]. Clearly, uq is a divergence free vector field, hence:
Πq[uq] =
∫
T2
Sq[uq ⊗ uq] : ∇Sq[uq] dx,
where M : N =
∑2
i,j=1MijNij , for any 2× 2 matrices M , N . Using the Plancherel theorem
it follows that
Πq[uq] =
∑
α∈Z2
̂Sq[uq ⊗ uq] : ∇̂Sq[uq].
We claim that
∇̂Sq[uq] =

 0 −2πλ2/3q−1(δ〈0,λq−1〉 + δ〈0,−λq−1〉)
0 0

 .
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Indeed,
∇̂Sq[uq](α) = 2πi

 α1Ŝq[u
1
q](α) α2Ŝq[u
1
q](α)
α1Ŝq[u2q](α) α2Ŝq[u
2
q](α)

 .
Now, Ŝq[uq](α) = χ(λ
−1
q α)ûq(α), so that only the Fourier coefficients of uq supported in
{α ∈ Z2 | |α| < λq} survive. Therefore, Ŝq[u1q ] = iλ
−1/3
q−1 (δ〈0,λq−1〉 − δ〈0,−λq−1〉) and Ŝq[u
2
q] = 0.
The desired claim follows easily.
In view of the calculation above it is enough to identify ̂Sq[u1qu
2
q]. Let us begin with the
simple observation that, if f and g are smooth functions on T2 such that
f̂(α) = K1δ〈a,b〉(α) and ĝ(α) = K2δ〈c,d〉(α), α ∈ Z
2,
for some constants K1 and K2, then
f̂ g(α) = K1K2δ〈a+c,b+d〉(α).
We use this to compute ̂Sq[u1qu
2
q]:
̂Sq[u1qu
2
q] = χ(λ
−1
q α)û
1
qu
2
q.
Again, only the Fourier coefficients of u1qu
2
q supported in {α ∈ Z
2 | |α| < λq} are relevant.
We find:
̂Sq[u1qu
2
q] = −λ
−2/3
q δ〈0,λq−1〉 − λ
−2/3
q δ〈0,−λq−1〉 − 4λ
−2/3
q δ〈0,0〉.
We obtain, from these calculations, that
Πq[uq] =
∑
α∈Z2
̂Sq[u1qu
2
q] · 2πiα2Ŝq[u
1
q]
=
∑
α∈Z2
[−λ−2/3q δ〈0,λq−1〉 − λ
−2/3
q δ〈0,−λq−1〉 − 4λ
−2/3
q δ〈0,0〉] · −2πλ
2/3
q−1(δ〈0,λq−1〉 + δ〈0,−λq−1〉)
= 4π.
We now introduce the skeleton field U =
∑
j uqj , for some sequence qj →∞, chosen such
that qj ≪ qj+1. Let us split U into three pieces:
U =
∑
ℓ≤j−1
uqℓ +uqj +
∑
ℓ≥j+1
uqℓ
≡ ζL +uqj + ζH .
We calculate Πqj [U ]:
Πqj [U ] = Πqj [ζL + uqj + ζH ]
=
∑
α∈Z2
̂Sqj [U ⊗ U ] :
̂∇Sqj [ζL + uqj + ζH ].
In principle there are twenty-seven terms to be analyzed. We begin by noting that
supp (ûqℓ) ⊂ {α ∈ Z
2 | λqℓ−1 ≤ |α| ≤ λqℓ+1}.
Therefore, it follows that
supp (ζ̂L) ⊂ {α ∈ Z
2 | |α| ≤ λqj−1+1} and supp (ζ̂H) ⊂ {α ∈ Z
2 | |α| ≥ λqj}.
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Choose the sequence qj so that qj−1 + 1 < qj − 1, for all j ∈ N. Then, as supp (ζ̂L) ⊂ {α ∈
Z2 | |α| ≤ λqj−1}, we find
Sqj [ζL] = ζL.
In addition, clearly we have
Sqj [ζH ] = 0.
Hence we can rewrite Πqj [U ] as:
Πqj [U ] = Πqj [ζL + uqj + ζH ]
=
∑
α∈Z2
̂Sqj [U ⊗ U ] :
̂∇Sqj [ζL + uqj ]
=
∑
α∈Z2
̂Sqj [U ⊗ U ] : ∇̂ζL
+
∑
α∈Z2
̂Sqj [U ⊗ U ] :
̂∇Sqj [uqj ]
≡ ΠLqj [U ] + Π
inter
qj
[U ].
Observe that, since ζL has no Fourier coefficients larger than λqj−1, we can remove Sqj in the
expression for ΠLqj [U ] and we find
ΠLqj [U ] =
∑
α∈Z2
Û ⊗ U : ∇̂ζL.
Here we have nine terms to deal with.
We note that ∑
α∈Z2
ζ̂L ⊗ U : ∇̂ζL =
∫
T2
[U · ∇ζL] · ζL dx = 0,
since U is a divergence-free vector field. We are left with:
ΠLqj [U ] =
∑
α∈Z2
̂(uqj + ζH)⊗ U : ∇̂ζL.
All the terms vanish, as the support of the Fourier coefficients of (uqj + ζH)⊗U is disjoint
from the support of the Fourier coefficients of ζL.
It remains to analyze Πinterqj [U ]. We write:
Πinterqj [U ] =
∑
α∈Z2
̂Sqj [U ⊗ U ] :
̂∇Sqj [uqj ]
= Πqj [uqj ]
+
∫
T2
Sqj [ζL⊗ζL+ζL⊗uqj+ζL⊗ζH+uqj⊗ζL+uqj⊗ζH+ζH⊗ζL+ζH⊗uqj+ζH⊗ζH ] : ∇Sqj [uqj ] dx.
Again, the support of the Fourier coefficients of Sqj [ζL ⊗ ζL + ζL ⊗ uqj + ζL ⊗ ζH + uqj ⊗
ζL + uqj ⊗ ζH + ζH ⊗ ζL + ζH ⊗ uqj + ζH ⊗ ζH ] is disjoint from the support of the Fourier
coefficients of Sqj [uqj ], so that the integral term vanishes. We deduce that
Πqj [U ] = Πqj [uqj ] = 4π.
This establishes that
lim sup
q→∞
Πq[U ] 6= 0.
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As of now the constructed field belongs to B
1/3
p,∞, for any p > 1. This is because in each
dyadic shell the field has only two or four non-zero modes, hence it is uniformly distributed
over the domain, and hence all the Lp-norms there are comparable. In order to gain smooth-
ness by reducing the integrability we have to saturate Bernstein’s differential inequalities so
that
‖uq‖3 ∼ λ
2
p
− 2
3
q ‖uq‖p,
for all p < 3, and at the same time preserve the flux calculus above. To achieve this we use
lattice blocks of frequencies around the basic wave-vectors in our skeleton field. Namely, fix
a small ǫ > 0. Let Bq = [−λq, λq]
2 ∩ Z2, and define
uq = P(vq−1 + wq)
v̂q−1 = i〈λ
−5/3
q−1 , 0〉(χ〈0,λq−1〉+ǫBq−1 − χ〈0,−λq−1〉+ǫBq−1)
ŵq = 〈0, λ
−5/3
q 〉(χ〈λq ,0〉+ǫBq + χ〈−λq ,0〉+ǫBq) + λ
−5/3
q 〈−1, 2〉(χ〈λq,λq−1〉+ǫBq + χ〈−λq ,−λq−1〉+ǫBq)
u =
∑
j
uqj ,
where P is the Leray-Hopf projection, and qj is the sequence as before. Notice that if ǫ is
small, P preserves the Lp-norms of each dyadic block up to an absolute constant. To actually
compute the Lp norm of uq let us notice that each lattice block on the physical side has a
similar form. It is a modulated and rescaled Dirichlet kernel in each variable: λ
−5/3
q D
⊗2
ǫλq
.
By the well-known formula, ‖Dn‖p ∼ n
1− 1
p , p > 1. Thus, ‖uq‖p ∼ λ
−5/3
q (ǫλq)
2−2/p) ∼ λ
1
3
− 2
p
q .
So, in particular, ‖uq‖3 ∼ λ
−1/3
q , thus u ∈ B
1/3
3,∞. At the same time, for p <
3
2
we have
‖uq‖ ∼ λ
−1−δ
q for some δ > 0. So, u ∈ W
1,p.
When ǫ is small but fixed, the blocks on the Fourier side have a set of interactions similar
to the skeleton ones, except each wavevector ξ in the y-axis block of vq−1 will receive an
order of ǫλq pairs of η1, η2, from the respective blocks in wq so that η1 + η2 = ξ. Each such
interaction gives a term of order cλ
−15/3
q λq = cλ
−4
q . Multiplied by the number of pairs η1, η2,
ǫλ2q, and the number of ξ’s, ǫλ
2
q−1, this gives Πq[u] ∼ cǫ
2, again independent of q. We can
further increase the size of the gaps qj+1− qj if necessary to account for small fixed ǫ
2 factor
and to make sure the residual terms that result from interactions between not the main triple
are yet smaller. This finishes the construction.

3. Vanishing viscosity limit
We have, at this point, a condition for a general weak solution to be conservative and
an example to the effect that purely kinematic considerations will not lead to supercrititial
conservative weak solutions. We emphasize that uniqueness of weak solutions (in the sense
of Definition 1) has not been established unless p = ∞. Therefore, it is reasonable to seek
supercritical conservative weak solutions depending on how the solution was obtained. There
are several available proofs of existence of weak solutions; they all use an approximation
scheme. For weak solutions with Lp vorticity, the solution is obtained as a strong limit, in
the topology of L∞(0, T ;L2(T2)), of a sequence {un}n∈N of approximations. Examples of
these approximation schemes include smoothing out the initial data and exactly solving the
Euler equations, solving the Navier-Stokes equations and passing to the vanishing viscosity
limit, using the vortex blob approximation, truncating the initial data, using the central
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difference scheme, etc. We say the approximation scheme is conservative if, for each n,
En(t) ≡ Eun(t) = En(0) for all t ∈ [0, T ].
We are interested in conditions under which weak solutions are conservative. We begin
with the observation that, for flows with Lp vorticity, p > 1, if a weak solution u is obtained
as a limit of a conservative approximation scheme, then u itself will be conservative. This
follows from the analysis carried out in [8], see also [12]. Clearly, this is the case for solutions
obtained by smoothing initial data and exactly solving the 2D Euler equations with the
smooth data, as was observed in [12, Section 5].
We will now turn to weak solutions of the 2D Euler equations which are obtained as weak
limits of solutions of the Navier-Stokes equations, as viscosity vanishes. We will see that,
for these solutions, the critical regularity for energy conservation is also below the critical
Onsager exponent 3/2.
Lemma 1. Let u ∈ C(0, T ;L2(T2)) be a physically realizable weak solution of the incompress-
ible 2D Euler equations and let {uν} be a family of solutions to the Navier-Stokes equations
with viscosity ν satisfying (2a) and (2b) of Definition 2. Suppose that u0 ∈ L
2 is such that
curl u0 ≡ ω0 ∈ L
p(T2), for some p > 1. Then, for all 0 ≤ t ≤ T ,
lim
ν→0
‖uν(t, ·)‖2L2 = ‖u(t, ·)‖
2
L2.
Proof. It follows easily from the vorticity formulation that curl uν ≡ ων belongs to a bounded
subset of L∞(0, T ;Lp(T2)), so that, integrating, we find uν is bounded in L∞(0, T ;W 1,p(T2)).
In addition, using the Navier-Stokes equations we can easily show that uν belongs to a
bounded subset of Lip(0, T ;H−L(T2)), for some (possibly large) L > 0. Since W 1,p(T2) is
compactly imbedded into L2(T2), it is standard, hence, to deduce that {uν} lies in a compact
subset of C(0, T ;L2(T2)). Since uν ⇀ u weakly∗ in L∞(0, T ;L2(T2)) it follows, by uniqueness
of limits, that
uν → u, strongly in C(0, T ;L2(T2)).
This is enough to conclude the proof.

We now proceed to the proof of Theorem 2.
Proof. We assume without loss of generality that ω0 ∈ L
p(T2) for some p < 2, and that
ω0 /∈ L
2(T2) as, otherwise, the result is trivial. As u is assumed to be a physically realizable
weak solution, there exists a family {uν} of solutions to the Navier-Stokes equations with
viscosity ν satisfying the conditions of Definition 3. Let ων = curl uν . The vorticity equation
reads:
(9) ∂tω
ν + uν · ∇ων = ν∆ων .
Multiplying the vorticity equation by ων and integrating on the torus yields
(10)
d
dt
‖ων‖2L2 = −2ν‖∇ω
ν‖2L2.
Use the Gagliardo-Nirenberg inequality to obtain, for any 1 < p < 2,
(11) ‖ων‖L2 ≤ ‖∇ω
ν‖
1− p
2
L2 ‖ω
ν‖
p
2
Lp.
It follows easily that
(12) − 2ν‖∇ων‖2L2 ≤ −2ν‖ω
ν‖
4
2−p
L2 ‖ω
ν‖
− 2p
2−p
Lp .
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We note, however, that if we multiply the vorticity equation by |ων|p−2ων and integrate on
the torus, we obtain a maximum principle for the Lp norm of vorticity, namely:
(13) ‖ων(t, ·)‖Lp ≤ ‖ω
ν
0‖Lp,
for any t ≥ 0. Therefore, using (13) in (12), we obtain from (10)
(14)
d
dt
‖ων‖2L2 ≤ −2ν‖ω
ν‖
4
2−p
L2 ‖ω
ν
0‖
− 2p
2−p
Lp .
Write y = y(t) = ‖ων‖2L2 and C0 = ‖ω
ν
0‖
− 2p
2−p
Lp . Then, integrating (14) in time, starting from
δ > 0, we obtain
[y(t)]
−p
2−p − [y(δ)]
−p
2−p ≥
2νC0p
2− p
(t− δ).
Taking the limit as δ → 0 and using that limδ→0 ‖ω
ν(δ, ·)‖2L2 = +∞ we find that
(15) ‖ων(t, ·)‖2L2 ≤
(
2νpC0t
2− p
)− 2−p
p
.
Next recall that solutions of the Navier-Stokes equations satisfy the energy identity in two
space dimensions:
(16)
d
dt
‖uν‖2L2 = −2ν‖∇u
ν‖2L2 .
Rewriting the right-hand-side above in terms of vorticity yields
(17)
d
dt
‖uν‖2L2 = −2ν‖ω
ν‖2L2.
Hence, integrating (17) in time and using (15) we deduce that
0 ≥ ‖uν(t, ·)‖2L2 − ‖u
ν
0‖
2
L2 ≥ −2ν
∫ t
0
(
2νpC0s
2− p
)− 2−p
p
ds
= −2ν
(
2νpC0
2− p
)− 2−p
p p
2(p− 1)
t
2(p−1)
p ,
that is,
(18) 0 ≥ ‖uν(t, ·)‖2L2 − ‖u
ν
0‖
2
L2 ≥ −(2ν)
2(p−1)
p
(
pC0
2− p
)− 2−p
p p
2(p− 1)
t
2(p−1)
p .
Now, since p > 1 the right-hand-side of (18) vanishes as ν → 0. Therefore,
lim
ν→0
‖uν(t, ·)‖2L2 − ‖u
ν
0‖
2
L2 = 0.
Using item (2b) of Definition 3 together with Lemma 1, we complete the proof.

We remark that (18) provides a rate at which the loss of the energy of a viscous solution
goes to zero, namely
‖uν0‖
2
L2 − ‖u
ν(t, ·)‖2L2 ≤ Cpν
2(p−1)
p t
2(p−1)
p ‖ων0‖
2
Lp,
where Cp is an absolute constant that depends only on p.
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Finally, we note that the same condition, namely that u ∈ C(0, T ;L2(T2)) be a physically
realizable weak solution such that, initially, its vorticity curl u0 ≡ ω0 ∈ L
p(T2), for some
p > 1, was needed to prove that the vorticity be a renormalized solution of the vorticity
equation and, in particular, that it preserves its Lp-norm, see [6].
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